Abstract. A number of examples of families of weak Maass forms and modular forms which satisfy a striking equality between their q-expansion coefficients appeared recently. One can formulate this equality by saying that these coefficients constitute a grid. In this paper we consider the simplest setting of even integral weight and full modular group. We prove that for every positive even integral weight a grid exists and is unique.
Introduction
For a k ∈ 1 2 Z denote by M ! k (N ) the space of weakly holomorphic (i.e. those who may have their poles only at the cusps) modular forms of weight k on Γ 0 (N ). As usual, M k (N ) and S k (N ) are the spaces of weight k modular and cusp forms correspondingly on Γ 0 (N ). Let N 2−k (N ) be the space of weight 2 − k harmonic weak Maass forms on Γ 0 (N ) which satisfy the property ξ(g) = ξ 2−k (g) ∈ S k for every g ∈ N 2−k (N ). We refer to [4, 5] for the definitions relevant to harmonic weak Maass forms and the operator ξ : N 2−k → S k . Note that our N 2−k (N ) is denoted by M aass * 2−k (Γ 0 (N )) in [4] . Recall that every g ∈ N 2−k (N ) may be uniquely decomposed g = g − + g + into a sum of its non-holomorphic and holomorphic components. 
holds. The indices n and m must satisfy n ≥ 0 and m > 0, and may belong to some arithmetic progressions.
Although the very fact of the existence of grids looks astonishing, many examples were recently found. The first one was discovered by Zagier [12] (with k = 1/2, N = 4, n ≡ 0, 3(4), m ≡ 0, 1(4)). In this case g m ∈ M ! 3/2 ⊂ N 3/2 (4). Zagier's construction was recently generalized to other half-integral weights k by Bringmann and Ono [3] . Another example (with k = 3/2, N = 144, n ≡ −1(24), m ≡ 1(24), the modular and harmonic weak Maass forms have non-trivial Nebentypus) was recently found by Folsom and Ono [9] . The latter example is especially interesting for its close connection to the Ramanujan mock theta-function: the Fourier coefficients of g + 1 coincide with those of the Ramanujan mock theta-function. Note that similar identities between Fourier coefficients appear implicitly in earlier works on non-holomorphic Poincaré series [11, 10, 8] .
In this paper we consider the grids of even integral weight k on the full modular group SL 2 (Z). We thus assume N = 1 and drop it from our notations.
In the case of even integral weight k, grids appear in [1] for small values of k, (namely, k = 0, 4, 6, 8, 10, 14) . In these cases the spaces of cusp forms of weight k are empty, and [5, Proposition 3.5] implies that g m ∈ M ! 2−k . The results of [1] were recently generalized in [7] to arbitrary even k. Another type of grids, which are essentially different from ours and do not involve harmonic weak Maass forms appears in [7] in this connection.
There is nothing mysterious about the k = 2 case which is not mentioned in [1] .
Proposition. There exists a unique grid of weight 2 with indexes n running through all non-negative integers and m through all positive integers.
Proof. Notice firstly that f 0 must vanish since M 2 is empty. Condition (1) 
which takes SL 2 (Z)-invariant functions to modular forms of weight 2. For n ≥ 1, let f n = −(1/n)Dg n . Condition (1) follows now from the fact that the product f n g m , for every n, m ≥ 1, is a weakly holomorphic modular form of weight 2, therefore, a derivative of a polynomial in j, and thus has no constant term.
Our main result is completely similar to that of the above Proposition.
There exists a unique grid of weight k with indexes n running through all nonnegative integers and m through all positive integers.
Moreover, we have
, 14, then our functions f n and g m coincide with those introduced and studied in [1] . We actually prove Theorem 1 under the assumption k > 2. The case k = 2 is taken care of in the Proposition above.
Remark 2. Our approach is different from that of [3, 9] : we avoid the explicit calculation of Fourier coefficients of Poincaré series in terms of Bessel functions. In fact, we need only one Fourier coefficient of these series, which equals 1, and is relatively easy to calculate.
A recent work of Bruinier and Ono [6, Theorem 1.1(2)] indicates how important the algebraicity of the Fourier coefficients of the holomorphic part of a harmonic weak Maass form may be. In this connection we present the following corollary which states that the Fourier coefficients of all f n for n > 0 are rational up to, in a sense, one cusp form of weight k, and, by (2), the Fourier coefficients of g + n are rational up to its Eichler integral.
Corollary 1. For a weight k grid (f n , g m ) there exists a cusp form ψ ∈ S k such that
where T n denotes the usual weight k Hecke operator.
We state some propositions and prove Theorem 1 in Section 2 of the paper. We prove these propositions and Corollary 1 in Section 3.
Proof of Theorem 1
We begin with the existence and uniqueness of the harmonic weak Maass part of the grid. The existence of g m follows immediately from [4, Proposition 3.3] . The uniqueness, which we prove here, shows how natural the construction of fundamental Poincaré series in [4] is.
Remark 3. As it was indicated by the referee, the existence of g m can be also derived from [5, Proposition 3.11] . In this way one uses only basic facts on the cohomology of Riemann surfaces, and avoids the consideration of Poincaré series.
The uniqueness clause of Theorem 1 follows immediately from Proposition 1. In order to establish the existence clause of Theorem 1, we firstly prove the following generalization of a classical result of Bol [2] .
Note that Bol's identity immediately implies Proposition 2 if g
In order to formulate the last proposition, let us introduce a bilinear pairing between the spaces M if the right-hand side converges (this is the case every time when we use this fact below, because we calculate the left-hand side by the means of the Petersson product in the right). This allows us to identify f 0 in our grid as an Eisenstein series
where, as usual, B k is the k-th Bernoulli number, and σ k−1 (m) = d|m d k−1 . In other words, 
Proofs of Propositions 1,2,3, and Corollary 1
Proof of Proposition 1. As it is mentioned above, we only need to prove the uniqueness. This uniqueness follows from the fact that an element of N 2−k is defined by its principal part uniquely. Indeed, assuming the existence of two elements with the same principal part we consider their difference, say, h ∈ N 2−k , which has no principal part, and obtain 0 = {ϕ, h} = (ϕ, ξ(h)) for every ϕ ∈ S k . It follows that ξ(h) = 0, therefore h ∈ M ! 2−k . Thus h = 0 since it has no principal part and k > 0.
We now calculate ξ(g m ). Let ϕ i = n≥1 λ i (n)q n with i = 1, . . . , dim S k be the basis of the space of weight k cusp forms S k which consists of Hecke eigenforms ϕ normalized by the condition
We combine the above equality with (3) to obtain
Since the Petersson scalar product is non-degenerate, (ϕ i , ϕ i ) = 0, we have
.
Note for further use that we can reformulate (5) as the action of the Hecke operator T m :
Recall that for a non-negative integer l the weight l action of a matrix γ = a b c d ∈ SL 2 (Z) on a function G on the upper half-plane τ > 0 is defined
s identity states that this action intertwines with l − 1 differentiations, namely for any differentiable function G
Proof of Proposition 2. Let f = ξ(g) ∈ S k , and let
It follows from (the proof of) [4, Theorem 1.1] that there exists a holomorphic function on the upper half-plane g h such that the functiong defined bỹ
In order to finish the proof we need to show that
is invariant with respect to the weight k action of SL 2 (Z), Thus for every γ ∈ SL 2 (Z)
and our claim will follow from the invariance of D k−1 F f with respect to the weight k action of SL 2 (Z). A substitution calculation, which takes into the account that
where
is a polynomial in z of degree at most k − 2. Thus
and our claim is proved.
Proof of Proposition 3.
As it is mentioned in [6, Section 7] ,the Hecke operators act on harmonic weak Maass forms and on weakly holomorphic modular forms in an analogous way, and, in particular, the formula for the action on Fourier coefficients is the same. If
It is also easy to verify that
It follows from (6) It now follows from (7) that for positive m and n Proof of Corollary 1. The formulas (2), (7) and (8) imply that
This identity along with (9) reduces the proof to the case n = 1. The latter case is easy: for example, let
where ∆ = q n≥1 (1 − q n ) 24 is the unique normalized cusp form of weight 12, and t is the constant term of the q-expansion of the ratio E k+11 /∆. Note that the cusp form ψ which satisfies Corollary 1 is not unique.
